Resource states that contain nontrivial symmetry-protected topological order are identified for universal measurement-based quantum computation. Our resource states fall into two classes: one as the qudit generalizations of the qubit cluster state, and the other as the higher-symmetry generalizations of the spin-1 AffleckKennedy-Lieb-Tasaki (AKLT) state, namely, with unitary, orthogonal, or symplectic symmetry. The symmetry in cluster states protects information propagation (identity gate), while the higher symmetry in AKLT-type states enables nontrivial gate computation. This work demonstrates a close connection between measurement-based quantum computation and symmetry-protected topological order.
I. INTRODUCTION
Measurement-based quantum computation [1] (MBQC) is an alternative of the circuit model [2] , and it has the advantage that once a certain resource state is available, universal quantum computation can be executed by local nonentangling projective measurements. In recent years, new types of universal resource states have been identified [3] [4] [5] [6] [7] [8] [9] [10] [11] beyond the usual cluster states and graph states [12] . In particular, states which are ground states of local Hamiltonians can be easily prepared by cooling. Among these novel states, the AKLT-type states, which have non-trivial symmetry protected topological (SPT) orders [13] [14] [15] [16] [17] , have triggered the investigation of highly symmetric ground states [18] [19] [20] .
In this work we explore the connection between MBQC and symmetric quantum states with nontrivial SPT orders. We mainly study the computational properties of two classes of states: one as the generalization of the cluster state, and the other of the AKLT state. For this purpose, we employ the correlation space picture [3, 21] of MBQC where resource states are represented as matrix product states (MPS) [22] . For cluster states, we define qudit cluster states that have different SPT orders according to the symmetry Z d × Z d , as the generalizations of qubit cluster state and the qudit cluster state defined before [23, 24] . We present a detailed analysis of their properties, including their symmetry, preparation by quantum circuits, and nontrivial gate computation. For AKLTtype states, we show that there are universal resource states for the SU (N ) [25] [26] [27] , SO(N ) [28] , and Sp(2n) [29] [30] [31] symmetric generalizations of AKLT states, and that they have the appealing features including nontrivial gates induced by their symmetry and the ability to prepare and readout the virtual space via projection. Our study also demonstrates that, for both cluster states and AKLT-type states, the correlation space computation is equivalent to the real space computation of MBQC.
Our work provides families of one-dimensional (1D) resource states that have nontrivial SPT orders. On one hand, this extends some previous study, e.g., Ref. [32] , which focused on the cases with both on-site and virtual system of dimension two, and not in the context of SPT orders. On the other hand, the resource states we have identified can be viewed as representative points in the domain of the corresponding SPT phases, hence serve as a stepping-stone for the understanding of computational properties of SPT phases with high symmetries, which so far only have been explored for the cases of finite groups and SU (2) [33] [34] [35] [36] .
This paper contains the following parts. In Section II we briefly review MBQC on the qubit cluster state and spin-1 AKLT state, highlighting the role of symmetry and the equivalence between the virtual space picture and real space picture for both cases. We study the qudit cluster states in Section III, and focus on identifying their SPT orders and computational properties. The AKLT-type states with unitary, orthogonal, and symplectic symmetries are studied in Section IV, and we find there exist large classes of universal resource states. In Section V we conclude.
II. CLUSTER STATE AND AKLT STATE
In this section, we review MBQC based on the 1D qubit cluster state and spin-1 AKLT state both in the real space picture and virtual space picture, which is necessary to understand their generalizations in later sections.
A. MPS circuit and correlation space
We start from MPS theory [22, 37] following the methodology of correlation space quantum computation [3] . An arbitrary finite-dimensional quantum state can be written as
for open boundary condition (OBC) case with boundary states R| and |L for N local systems (spins) with local dimension d. The tensor network representation of a MPS is shown in Fig. 1(a) . The states R| and |L live in, and the operators A(i n ) (n = 1, . . . , N ) act on an ancillary space of dimension χ. This space is also known as the bond space, correlation space, or the virtual space, and χ is often known as the bond dimension.
The set of Kraus operators {A(i n )} on each site forms a quantum channel E n with the trace preserving condition The quantum circuit representation of a matrix product state. The system S containing N spins is initially at state |00 · · · 0 , and the ancilla (correlator) A is initially at state |L . Each unitary operator Un acts on the ancilla and one system spin.
in A(i n )
† A(i n ) = 1 following from the normal form of MPS [37] . From the dilation theorem [38] , a channel E n can be realized by a unitary operator U n acting on a larger space. As a result, a MPS can be prepared by a quantum circuit [39] , shown in Fig. 1(b) , wherein each unitary operator U n is defined such that
The projection |R R| on the ancilla results in the MPS |Ψ , while tracing out the system results in a sequence of quantum channels E n acting on the correlator such that
Note that for translation-invariant systems E n and U n are both site-independent.
The above framework provides a natural starting point to understand MBQC. For MBQC on cluster states, 1D wires can be cut out to represent qubits, while junctions among wires enable entangling gates. A 1D cluster state can be expressed as a MPS, so the projective measurement on each spin in it can be interpreted in the correlation space [3] . In general, given a 1D resource state, a projective measurement on site n in the standard basis {|i n } induces the set of operators {A(i n )} on the correlation space, while measurement in a basis rotated by a unitary operator W n leads to operators
for i n |W n = w in | = jn w injn j n |. This leads to the socalled real space picture and virtual space picture descriptions of MBQC. Namely, in the real space picture, the computation is carried out on the physical systems by measurements, while in the virtual space picture, the computation is carried out on the virtual space. The projective measurements are selective, i.e., each result from a projector is recorded instead of mixing together with each other, and the operatorsÃ(i n ) enacted should be unitary up to byproduct, which further should be able to be pulled out and correctable after the computation. A sequence of projective measurements can then be interpreted in the correlation space as the action of a sequence of unitary gates.
Furthermore, for translation-invariant MPS with an on-site symmetry G, e.g., the cluster states and AKLT-type states studied in this work, the following symmetry condition holds
for U (g) = (u ij )(g) as a linear unitary representation of g ∈ G, and V (g) as a projective unitary representation of g [13, 14] . Note that to keep a MPS invariant, an on-site symmetry operation involves a symmetry operator on each site in the system. The symmetry condition (5) basically means a projective measurement in a rotated basis by a symmetry operation U (g) can be equivalently understood as a conjugation by V (g) on the correlation space. In particular, the relation (5) is employed for the byproduct propagation for cluster states with on-site Z d × Z d symmetry for a certain d, and gate computation for AKLT-type states with on-site Lie group symmetries.
B. Qubit cluster state
We now apply the two pictures described above to the 1D qubit cluster state. We will emphasize the equivalence between the two pictures, which has not been explicitly demonstrated before. Such an equivalence also holds for AKLT states, as will be seen later on.
To prepare a qubit cluster state, each qubit is initially in the state |+ = 1 √ 2 (|0 + |1 ), and the two-qubit controlled-phase gate CZ = [1, 0; 0, Z] is applied on each neighboring pair of qubits. For information propagation, i.e., identity gate along the wire, the following relation holds s|CZ|in |+ = HP s |in (6) for an unknown input state |in on the first qubit, projector P s = |s s| (s = 0, 1) in the Z basis on the first qubit, and Hadamard gate H. Projection in the X basis then leads to
A further projection in the X basis on the second qubit leads to
This shows that an unknown state |in on the first qubit is teleported to the third qubit with Pauli byproduct X t Z s . When expressing the cluster state as a MPS for the virtual space interpretation, the quantum circuit to generate it (according to Fig. 1 ) can be easily obtained as follows: each unitary U in the circuit is site-independent and takes the form U = CZ · SWAP (9) for the qubit swap gate SWAP|ij = |ji . The ancilla A is in the unknown initial state |in , while each qubit in S is initialized at state |+ instead of |0 . The operators X t Z s become the Kraus operators in the virtual space picture after blocking each two sites together.
To execute a general qubit gate, a sequence of measurements in rotated bases leads to |out = HZ(α 4 )Z s4 HZ(α 3 )Z s3 HZ(α 2 )Z s2 HZ s1 |in (10) for both of the pictures. Here, the rotated basis on the i-th qubit is by gate Z(α i ) for Z(α) := e −iαZ = [e −iα , 0; 0, e iα ]. This shows the equivalence of the real and virtual pictures for the qubit cluster state for both information propagation and gate computation.
C. Spin-1 AKLT state
For a spin-1 chain the AKLT ground state with SO(3) symmetry [40, 41] has been shown to be a resource state. In translation-invariant MPS form it can be described by the three Pauli operators (with coefficient 1/3 ) X, Y , and Z with bond dimension χ = 2. The symmetry SO(3) is represented fundamentally on the spin-1 for each physical site, and represented projectively on the virtual spin-1/2 in the wellknown valence bond state picture.
For our purpose, we first find the unitary MPS circuit to prepare the AKLT state as follows. Each local spin-1 in the system is encoded by two qubits and initialized in the state
The unitary operator U in the circuit is also site-independent and is a uniformly-controlled gate with the form
with the ancilla as the target and the local spin as the control. The ancilla carries the initial unknown state |in , while projective measurement on a local spin with outcomes s 1 s 2 = 01, 10, 11 yields gates X, Y, Z acting on the input state |in as the byproduct. Measurement in a rotated basis, e.g., by an orthogonal operator R x (corresponding to a qubit rotation X(θ) due to SU (2)/Z 2 ∼ = SO(3)), induces a nontrivial gate according to the symmetry condition
for R(g) = (r ij )(g) as the linear unitary representation of g ∈ SO(3), and V (g) ∈ SU (2) as the projective unitary representation of g. An arbitrary qubit gate can be induced by measurements in rotated bases on three sites and yields
Now, similar with the cluster state, we can obtain the circuit to generate AKLT state in real space picture by employing swap gates. Each spin-1 is represented by the threedimensional subspace of two qubits and has the initial state |+ 3 . For each site n, let us label the two qubits as n 1 and n 2 . Then a swap gate is applied between n 2 and (n+1) 2 , followed by the uniformly-controlled gate U (12) acting on n 2 , (n+1) 1 , and (n + 1) 2 , with (n + 1) 2 as the target. Note that these entangling gates between different sites do not commute, which means AKLT state is on a directed graph, different from the cluster state case. With this circuit construction, it is immediate to see the equivalence between the real and virtual pictures for MBQC on AKLT state.
We have seen above that for both the cluster state and AKLT state the byproduct are Pauli operators. This is actually a manifestation of their symmetries: Z 2 × Z 2 for cluster state and SO(3) for AKLT state. In the following we generalize the connection between SPT order and MBQC based on the recent SPT phase classification [13] [14] [15] [16] [17] .
III. QUDIT CLUSTER STATES MBQC
In this section we construct qudit cluster states that have different SPT orders. Our study shows that the computational power of a qudit cluster state is indicated by its bond dimension b, namely, the gates induced by projective measurements form the whole group SU (b). This also means cluster states with different SPT orders but with the same bond dimension have the same computational power.
A. Construction of states
For qudits, the Pauli operators are generalized to the Heisenberg-Weyl operators X j Z k with
which satisfy
for ω = e i2π/d , j, k ∈ Z d . We construct qudit cluster states using the generalized controlled-Z gate
for x = 1, 2 . . . , d − 1. To prepare a 1D qudit cluster state, we let each qudit spin be in initial state
| as the analog of the qubit case. Now we can define different cluster states by the alternating application of gates S x and S y along the wire for x + y = d. Each qudit cluster state is denoted by |C d (x, y) in this work, and it is shown later that they have different SPT orders.
The stabilizer operators and parent Hamiltonian for each |C d (x, y) can be easily obtained. The way to derive the qudit stabilizers follows the same procedure as for the qubit case. If we denote the CZ gate by S and the qubit cluster state by |C 2 , the stabilizers are derived by the following relations
for a, b as the label of sites and b as the nearest neighbor of a.
For the qudit case, the lattice is bipartite, containing even sites and odd sites. An even site is first acted on by S x then by S y , an the opposite for an odd site. We find
and also its hermitian conjugate. For each state |C d (x, y) the generating stabilizers take the form Z x XZ y for odd sites, and Z y XZ x for even sites. The parent Hamiltonian, denoted by H x for |C d (x, y) , follows directly from the sum of stabilizers and their hermitian conjugate, with some minor differences for PBC and OBC cases. For OBC, the parent Hamiltonian cannot include the boundary terms since they break the symmetry, which means there will be a free edge state at the boundary. For PBC, the state |C d (x, y) is the same as |C d (y, x) (up to one-site translation), e.g., |C 5 (1, 4) is the same as |C 5 (4, 1) , |C 5 (2, 3) is the same as |C 5 (3, 2) , while |C 5 (1, 4) is not the same as |C 5 (2, 3) . Therefore, for PBC a qudit cluster state is the unique ground state of its parent Hamiltonian.
Here we identify the symmetry and SPT order of the qudit cluster states we defined. As demonstrated in Refs. [13] [14] [15] , the SPT phases protected by an on-site symmetry group G are labelled by elements of the second cohomology group. According to
there are d phases with one trivial protected by the symmetry
and (e, h) for
and Eq. (16) we can find d − 1 different 2-cocycles
and each SPT phase can be labeled by a single integer x. Among those nontrivial phases, phases with gcd(x, d) = 1,
i.e., x and d are coprime, are maximally noncommutative (MNC) [34, 42, 43] with cocycle ω x , which essentially means there exists a unique projective irreducible representation (irrep) of the symmetry with dimension d. Also for phases that are not MNC, the dimension of a projective irrep of the symmetry is d/gcd(x, d). It turns out the MNC condition is crucial for our study of qudit cluster states.
To show the SPT order of qudit cluster states, we first need to introduce generalized Fourier operators
and also satisfy
which is a permutation independent of k. The following properties also hold
and
for an integer N s.t.
Fourier operator F is recovered as a special case for k = 1. Now consider a building block of three qudits with the first in some unknown state |ψ , after the two entangling gates the resulting state is |Ψ :
Also note F x = F † y . Two successive projections in a basis rotated by Fourier operators lead to
This relation is useful for information propagation, namely, the choice of α and β may depend on x and y. For the symmetry properties, we have the following proposition. Proposition 1. A qudit cluster state |C d (x, y) and its parent Hamiltonian H x have the on-site Z d × Z d symmetry after blocking two sites together with x labeling its SPT order protected by
Proof. The symmetry follows from products of stabilizers for all even or odd sites. Denoting the two generators of Z d × Z d as g and h, the on-site linear unitary representations are u(g) = X ⊗ 1 and u(h) = 1 ⊗ X.
To show the SPT order, we check the projective representation of the symmetry. First, for the case gcd(x, d) = 1 the following relations hold
and for x + y = d the above two relations become
With property (29), we find m = x, and the projective rep-
With Eq. (21), we can see that the SPT order of a qudit cluster state with gcd(x, d) = 1 is labeled by x.
Next, we study the case when x and d are not coprime, i.e., gcd(x, d) = s for an integer s. Let d = sb and x = sa for integers a and b. Such a cluster state only has bond dimension b since
for N sites, which is due to the factorizations
with subscript denoting the dimension for clarity. This means there is an s-dimensional subspace on each site that undergoes trivial evolution. For an arbitrary state |ψ b , the relation
means the on-site operator
For MBQC, the virtual space of |C sb (sa, sb − sa) is from that of |C b (a, b − a) , as a result, the computational power of |C sb (sa, sb − sa) is equivalent to that of |C b (a, b − a) . As gcd(a, b) = 1, the state |C b (a, b − a) itself lives in the MNC Z b × Z b SPT phase labeled by the integer a, and as well the SPT order of |C b (b − a, a) is labeled by b − a.
C. Universality for qudit gates
In this section we discuss the scheme to implement gates, and we find that the computational power of a qudit cluster state is flagged by its bond dimension. Our method is to use local unitary operations to convert |C d (x, y) to |C d (1, 1) , the state generated by uniform application of S 1 , for which the MBQC scheme has been established before [23, 24] .
, and the group of gates that can be simulated in MBQC on such states is SU (b).
Proof. For the case gcd(x, d) = 1, the bond dimension is b = d. We first show that cluster states with the same bond dimension are locally unitarily equivalent. Denote F lk ≡ F l F k for gcd(l, d) = 1 and gcd(k, d) = 1, and from the following property
we find 
as a special case of Eq. (36), we find
As the result, we see that a qudit cluster state |C d (x, y) can be locally unitarily converted to 
It's been proved that [24] , the Fourier transform In addition, it is worth mentioning the transition between |C d (x, y) and |C d (y, x) , which is
as a special case of Eq. (37) . This shows that states |C d (x, y) and |C d (y, x) are equivalent up to some permutations of local bases. This also means for d = 2x, the on-site operations 
Encoding qunit qubits qubits m + 1 qubits
|+ 2 for each site, hence is universal for single qubit computation.
For d = 5, we can define cluster states |C 5 (1, 4) ,
, and |C 5 (4, 4) . Among them, |C 5 (1, 4) can translate into |C 5 (2, 3) by proper uses of F 13 , while following similar methods, other transitions can be driven by proper uses of the permutation Π and F 13 . Eventually, all of them can end up with the state |C 5 (1, 1) for the purpose of computation. In this case, all states have bond dimension five.
IV. MBQC ON AKLT-TYPE STATES
The computation scheme based on the spin-1 SO(3) invariant AKLT state can be generalized. Here we consider AKLT models with unitary, orthogonal, and symplectic symmetries. The universal resource states we identified are summarized in Table I , displaying the on-site irrep, virtual space irrep, logical encoding, byproduct, gate set that can be performed, and success probability for gates as well as projections for initialization or readout.
Compared with qudit cluster states, there are the following two primary differences: i) The success probability of gates is smaller than one for AKLT-type states, while it is always one for cluster states. This also occurs for the spin-1 AKLT state, wherein the probability is 2/3. An identity gate (up to byproduct) is induced if a gate or projection is not successful, and then one can repeat until the desired operation is performed. On average, this yields an increase of the length of the chain by a factor of the inverse of the success probability.
ii) The gate set that can be induced by symmetry is the same as the given symmetry group, different from the case of cluster states. The dimension of the on-site physical system is not the same as the bond dimension, while for cluster states they are the same.
In the following, we study the computational universality of various AKLT-type states. Our strategy is to demonstrate the universality directly, instead of employing the so-called state reduction scheme [5] , which is to reduce the state to a cluster state (or graph state) by an efficient procedure [6, 7, 10, 44] . Our method can reveal the properties of AKLT-type states more clearly.
A. MBQC on SU (N ) AKLT states
Construction of states
We start from the SPT phase classification, and then we will construct SU (N ) AKLT states that belong to different SPT phases. The classification of SPT phases with continuous symmetry, i.e., on-site Lie group symmetry G, has been established [16] , and it has been shown
for G Γ = G/Γ and a central subgroup Γ ⊂ Z(G), the center of G, and π 1 (G Γ ) is the fundamental group of G Γ . Different from finite group cases, here a nontrivial Γ plays a central role for the classification of SPT phases. In this subsection we are interested in the group SU (N ) and Γ = Z N , and the group SU (N )/Z N is known as projective SU (N ), denoted by P SU (N ). Therefore, P SU (N ) invariant MPS are classified to be in N phases according to
with one trivial and N − 1 nontrivial. Note that we only consider on-site symmetry (without global symmetry such as time reversal). As an indicator for SPT phases, it has been proposed to use the congruence class
of any irreducible representation λ = (λ 1 , . . . , λ r ), written by r-tuples of integrable weights, for the congruence vector v = (v i ) and integer M determined by the group [16] . For the purpose of MBQC, states with OBC are preferred since it is required for the input and output of the computation. For SU (N ) AKLT states the left and right edge states can be different, so in general an arbitrary phase can be labeled by
hence just by a single integer x. One may notice an appealing similarity with the case of qudit cluster states, wherein x represents the order in the entangling gate S x (17). Here in particular, the case x = y = N/2 means the irrep of SU (N ) on the virtual space is real, and therefore, the state does not break the spatial inversion symmetry. The case x = N indicates the trivial phase. In the following we study states with on-site adjoint representation, while the virtual space representation can be different, e.g., the fundamental representation or other representations.
Given the on-site adjoint irrep, usually denoted as N 2 − 1, we define a state by firstly choosing a value for x, and then picking the irrep λ L (λ R ) with the smallest dimension such
. For even N , x can be chosen to be 1, 2, . . . , N/2, and for odd N , x can be chosen to be 1, 2, . . . , (N − 1)/2. Each resulting AKLT-type state is the ground state of a two-body Hamiltonian
with
constructed via the standard valence bond state (VBS) method [41] , and T i = (T a i ) (a = 1, . . . , N 2 − 1) are su(N ) generators in the adjoint representation on site i, C(λ j ) is the eigenvalue of a (T a ) 2 for irrep λ j [27] . Some SU (N ) AKLT states for N ≥ 3 have been constructed [25] [26] [27] , namely, in the VBS picture, each site starts from a fundamental representation N and its conjugateN , and then they are projected to the adjoint representation N 2 − 1 based on the decomposition
and the nearest pair N andN from two neighboring sites are projected to the singlet part 1. This leads to two nontrivial SPT states that can be labeled by the pair of their edge modes (N ,N ) and (N , N ), respectively, which relate to each other by a spatial inversion. The congruence class of N is always 1, and ofN is always N − 1, hence the SPT orders of the two AKLT-type states are labeled by (1, N − 1) and (N − 1, 1).
Resource states for MBQC
In this section we identify resource SU (N ) AKLT states that can be defined above for MBQC. We obtain the following proposition. Note this proposition also holds for the state obtained by its spatial inversion. The proof will be presented at the end of this section after the following analysis. Byproduct. We start from identifying the byproduct for state labeled by (N ,N ). As the on-site dimension is N 2 − 1, in the MPS form there are N 2 −1 Kraus operators at each site, and they are site-independent. From the property of su(N ) algebra, these Kraus operators can be chosen as the generators, i.e., generalized Gell-Mann matrices (with formula shown in Eq. (83)), of su(N ) algebra for state (N ,N ) , and the transpose of the generators for (N , N ) . For the purpose of computation, however, Gell-Mann matrices are hermitian yet not unitary, which would not lead to unitary byproduct. Despite this, we find that there exists a basis and a basis transformation such that the set of Gell-Mann matrices, denoted by {M β }, can be transformed to the set of Heisenberg-Weyl matrices, denoted by {W α },
for W α := X i Z j with α = i + dj, and U = (u αβ ) is a unitary operator. This is based on the fact that both {M β } and {W α } are traceless orthonormal basis. The Heisenberg-Weyl operators are unitary and will basically be treated as byproducts in MBQC.
MPS circuit. The quantum circuit to prepare an SU (N ) AKLT state can be achieved by a direct generalization of the circuit to generate the spin-1 AKLT state described in section II C. Namely, each local subsystem is now Ndimensional, the initial state |+ 3 is generalized to be |+ N , the generalized uniformly-controlled gate now becomes
and the measurement outcomes s 1 s 2 correspond to the gate X s1 Z s2 (except X 0 Z 0 = 1) on the input state |in . The qudit version of swap gate can also be directly defined. In addition, the equivalence between the virtual picture and real picture still holds apparently.
Gates for computation. Furthermore, nontrivial gates are induced by projective measurements in rotated bases, similar with the cases of qudit cluster states and also spin-1 AKLT state. To find proper rotated bases for nontrivial gates, we employ the method develop in Refs. [23, 24] . Let's denote N ≡ d and consider prime d for simplicity (other cases have also been settled), the basis {N } in equation (40) is chosen to be a set of d 2 hermitian operators that come from the eigenstates of Heisenberg-Weyl operators
and the gates that need to be executed on the virtual space take the form e iθ|λ λ| for |λ as an eigenstate of one operator in the set (51). Then an arbitrary qudit gate on the virtual space can be written as
for V := e iθ |λ λ | . As a result, we only need to implement d 2 gates e iθ |λ λ | , each of which is induced by a projective measurement in a rotated basis by an operator U acting on the on-site physical system. Furthermore, each operator U can be readily found, since for an arbitrary operator V ∈ SU (d) in the fundamental representation, the corresponding operator U in the adjoint representation can be found with its matrix elements
This is based on the fact that, the virtual system state ρ can be expanded in the basis {W j } as
which after the action of V becomes
The operator U in the adjoint representation maps the vector r := (r j ) to the vector s := (s i ).
After a sequence of d 2 projective measurements in rotated bases each specified by U , given input state |in , the final state on the virtual space is
as a generalization of Eq. (14) . Byproduct propagation and success probability. In Eq. (56) the operators X i Z j are byproduct and need to be pulled out. If |λ is an eigenstate of operator N from the basis (51), then it is straightforward to find the following decompositions
for proper coefficients v s ∈ C. From this, we observe that the probability for V commuting with
, hence the probability for successfully inducing a nontrivial gate is
which includes the spin-1 AKLT state as a special case, i.e., for d = 2. As pointed out before, for gate computation this can be dealt with by increasing the length of the chain by a factor of (d + 1)/d. Initialization and Readout (projection on the virtual space). For readout and also preparation in the virtual space we need to choose a basis such that some Kraus operators become projectors. We observe that a projector can be made from linear combination of Heisenberg-Weyl operators. This can be easily found in a rotated basis by
with (d − 1)-fold Fourier operator F defined in Eq. (24), and the resulting operators are the set
We can see that the success probability of projection is also d d+1 (up to byproduct X i ), the same with the success probability (58) of inducing nontrivial gate. Now we can prove the main proposition in this section.
Proof of Prop. 3. From Eq. (52) and (56) the gates that can be performed form the whole SU (N ) group, and it is clear that the byproduct are X i Z j . The success probability for nontrivial gate or projection is from Eq. (58).
Furthermore, we have seen that there are N SPT phases for SU (N ) symmetry and corresponding AKLT states, however, we only identify two AKLT states for each N as resource for MBQC. We have evidence that other types of AKLT states may not be resource directly, as shown by the following examples, but it is possible that they could also be turned into resource after a certain manipulation or by employing a certain generalized notion of universality for MBQC [45] .
Example 2. For the SU (3) AKLT model with on-site 8 irrep, two AKLT states are defined by using (3, 3) and (3, 3) in the virtual space for each site, and labeled by (1, 2) and (2, 1), respectively, for their SPT order. It's been shown that [27] for the state (3,3) the eight Kraus operators on each site are
, and T a are the eight GellMann matrices (up to a constant factor) of su (3) generators. For computation, the unitary operator that converts the set of Gell-Mann matrices to the set of Heisenberg-Weyl matrices is U = diag(F, F, E) for qutrit Fourier transform F and a unitary operator
and ω = e i2π/3 . For projections in the virtual space, given the set of Kraus operators {X, XZ, XZ
for the basis transformation, obtaining the transformed Kraus operators as
The success probability is 3/4. Another AKLT state is defined by the edge mode 6, for which 6 =6. This state does not break the inversion symmetry, and its label is (2, 2). From 6 ⊗ 6 = 1 ⊕ 15 ⊕ 20 , and 15 ⊗ 15 = 1 ⊕ 2(15) ⊕ 20 ⊕ 45 ⊕45 ⊕ 84, this state is the ground state of its parent Hamiltonian, defined according to Eq. (46) . For the purpose of MBQC, however, the virtual space is of dimension six, while the gates that can be induced from symmetry are elements in SU (4). The byproduct operators are the generators of su(4) in the irrep 6.
For the SU (5) AKLT model with on-site 24 irrep, in addition to the two states defined by (5,5) and (5, 5), with labels (1, 4) and (4, 1), respectively, another two states are defined by (10,10) and (10, 10), and their labels are (2, 3) and (3, 2), respectively. The byproduct operators are the generators of su(5) in the irrep 10.
B. MBQC on SO(N ) AKLT states
In this section we discuss another natural generalization of the spin-1 SO(3) AKLT model, namely, the SO(N ) generalizations. According to SPT phase classification, for odd N = 2 + 1, there are two phases since
which means there is only one nontrivial phase for any ∈ Z.
In the following we study two types of states in the nontrivial phase, one type is defined with on-site fundamental representation, and the other type is defined with on-site adjoint representation, yet it turns out both can have virtual spinor irrep. Some examples have been constructed before, such as states with on-site fundamental representation [28] and on-site adjoint representation [46, 47] . Here we are interested in the computational property of those states in the nontrivial phase. First we review the spinor irrep of SO(2 + 1) in terms of the so-called Clifford matrices. The standard procedure to construct Clifford matrices is recursive and described as follows [48] . For SO(2 + 1), the Clifford matrices are of dimension 2 × 2 . For = 1, the Clifford matrices are the three Pauli matrices
Given the 2 − 1 Clifford matrices Γ i for − 1, the Clifford matrices for the case are
As a generalization of Pauli operators, they satisfy the anticommutation relation
and the SO(2 + 1) generators in the spinor form are
For even N , the 2 -dimensional spinor rep of SO(2 + 1) is reducible: it can be split into two 2 −1 -dimensional spinor irrep of SO(2 ). The state with on-site fundamental representation and virtual spinor representation is dimerized [28] , hence cannot serve as resource for MBQC as the odd N case.
On-site fundamental representation
We first consider states with on-site fundamental irrep, which would simply be denoted by its dimension. We obtain the following proposition.
Proposition 4. For the SO(2 + 1) AKLT state with on-site irrep 2 + 1 and virtual irrep 2 , the gates on the virtual space induced by on-site projective measurements form SO(2 + 1) with success probability p = 2/(2 + 1) and byproducts as (tensor products of) Pauli operators.
We follow a similar routine as that for the SU (N ) case in the last section. For systems with on-site fundamental irrep of SO(2 + 1), an SPT state is constructed with the virtual space as the spinor irrep, which is of dimension 2 [28] . We see that the virtual space dimension is exponentially larger than the on-site physical dimension. In the VBS picture, this model is constructed such that the parent Hamiltonian
is the sum of projectors onto the symmetric part of n ⊗ n = 1 ⊕ n(n − 1)/2 ⊕ (n + 2)(n − 1)/2, (68) for 1 the singlet part, n(n − 1)/2 the antisymmetric part, and (n + 2)(n − 1)/2 the symmetric part. The ground state only contains the singlet part and antisymmetric part. Similar with the spin-1 AKLT state, this state has a "diluted" antiferromagnetic string order, long-range correlation, and a gap. In the MPS form, the Kraus operators are the Clifford matrices which will be byproduct in MBQC.
We find that the schemes for the MPS quantum circuit, symmetry induced gates, projection in virtual space, and byproduct operator propagation are all analogues of those for the qudit cluster states and SU (N ) AKLT states. A general matrix R ∈ SO(2 + 1) in the spinor form will be
namely, a product of (2 + 1) unitary matrices V ab := e −iθ ab Γ ab . Given V acting on the virtual space, the corresponding gate U acting on the local on-site system can be found based on Eq. (53), yet some care is needed. Here there are only (2 + 1) byproduct operators Γ a , and the generators Γ ab of so(2 + 1) do not span the virtual space, which has dimension 2 , the dimension of qubits. The spanning basis of su(2 ) are tensor product of Pauli matrices, which include the set {Γ a } as a subset. We use the set {Γ a } and the rest from the basis of su (2 ), denoted by {P a }, to define the entries
It is easy to find that U is a (2 + 1) × (2 + 1) orthogonal matrix, which specifies the measurement bases for nontrivial gates. Given the input state |in , the final state on the virtual space is
For nontrivial gates, we find that the whole set of the group SO(2 + 1) can be realized on the virtual system. For byproduct operator propagation, it holds
This means the success probability of a nontrivial gate is
which also includes the spin-1 AKLT state as a special case, i.e., for = 1. For projection, it is clear to see that only linear combinations of two Clifford operators can lead to projection, and they are σ 1 ⊗ · · · σ 1 ⊗ σ 1 and σ 1 ⊗ · · · σ 1 ⊗ σ 2 . With a Hadamard gate H, the resulting two projectors are
for σ ± = (σ 1 ±σ 2 )/2. We can see that the success probability of projection is the same with that of nontrivial gates, and it is smaller than the success probability of SU (N ) case. (70) shows that the gates that can be performed form SO(2 + 1) and the byproduct are Clifford matrices, which are tensor product of Pauli operators. The success probability for nontrivial gate or projection is from Eq. (72).
Proof of
Example 4. For the SO(5) AKLT state with = 2, physical dimension d = 5, and virtual dimension χ = 4, there are five Kraus operators at each site
The MPS circuit is a direct generalization of the case of spin-1 AKLT state. In the virtual space picture, each spin-2 with initial state |+ 5 comes from the projection on two four-level systems, and the uniformly-controlled Pauli gate (12) is substituted by uniformly controlled "spinor" gates (the five A i in Eq. (74)). For computation the gates that can be realized on the virtual system form the whole group SO(5). The virtual system can be treated as two qubits. A universal set of qubit gates on the second qubit can be induced as follows. A rotation e −iθZ can be achieved with probability 2/5 by a linear combination of A 0 and A 1 . Similar results hold for other rotations that together can represent an arbitrary qubit rotation. On the contrary, a universal set of qubit gates on the first qubit can not be induced. Only rotations of the form e −iθX can be induced with probability 2/5 by linear combinations of A 3 and A 4 . Coupling between the two qubits can be induced by other types of linear combinations of these A i operators.
There is another way to encode two qubits in the virtual space. As SO(4) ∼ = SU (2) × SU (2) ⊂ SO(5), we can use the SO(4) subgroup to induce two set of qubit gates in the virtual space. This means one level of the on-site physical system is left untouched. The gates on the virtual space will take the form V ⊗ W ∈ SU (2) × SU (2), and the corresponding orthogonal matrix R ∈ SO(4) can be found by a basis transformation [49] 
It turns out the two qubits cannot be coupled together, otherwise it will be able to generate the whole group SU (4).
On-site adjoint representation
With similar method, we obtain the following proposition for the case of on-site adjoint irrep.
Proposition 5. For the SO(2 + 1) AKLT state with on-site irrep (2 + 1) and virtual irrep 2 , the gates on the virtual space induced by on-site projective measurements form SO(2 + 1) with success probability p = 2(2 − 1)/ (2 + 1) and byproducts as (tensor products of) Pauli operators.
The proof is similar with that for Prop. 4, hence omitted, while here the success probability is from Eq. (77) below.
With on-site adjoint representation, the set of Kraus operators at each site can be chosen as the generators {Γ ab } of the so(2 + 1) algebra, see Eq. (66). Following a similar procedure, we find the success probability for both nontrivial gates and projections is
For a nontrivial gate, this is based on the following fact that, given Γ a Γ b , the anti-commutation relation
holds for the cases m = a, n = a, b and m = b, n = a, b, which occurs for 2(2 − 1) times out of (2 + 1) events. A similar argument can also be made for projection. This also includes the spin-1 AKLT state as a special case. Compared with the states with on-site fundamental representation in section IV B 1, the success probability becomes bigger with a factor of (2 − 1)/ . To determine the measurement bases, we define the matrix entries in Eq. (53) with respect to the basis formed by {Γ ab } and the rest from other operators in the basis of su (2 ) . Now the operator U in the adjoint representation is an (2 + 1) × (2 + 1) orthogonal matrix, and similar with the case in section IV B 1, this can realize the whole set of SO(2 +1) group on the virtual system. 
defined as A i A j with A i from Eq. (74). Compared with the state in Example 4, the computational properties are similar, e.g., there are also different ways to use the virtual system. The advantage of the larger on-site physical dimension is to increase the success probability. Both rotations e −iθX and e −iθZ can be induced on the second qubit with probability 3/5, while only e −iθX can be induced on the first qubit with probability 3/5. Projections on both qubits have probability 3/5.
C. MBQC on Sp(N ) AKLT states
In this last section we study the symplectic symmetry generalizations of spin-1 AKLT state. In many-body physics symplectic symmetry generalization of SU (2) has been studied, e.g., Refs. [29] [30] [31] , which is a natural way to account for time-reversal symmetry, and does not require a bipartite lattice, hence it is distinct from the SU (N ) models which rely on a bipartite lattice structure (i.e. fundamental and its adjoint irreps) of the underlying spins. The symplectic group Sp(2n) ∼ = U (2n) Sp(2n, C) is a compact group of rank n and dimension n(2n + 1), and contains unitary matrices that preserve the symplectic form
such that
Note the group Sp(2n) is also referred as the quaternionic unitary group, and it is not the same as the non-compact group Sp(2n, R).
The SPT phase classification shows that there are two phases
since the irreps of Sp(2n) only belong to two different congruence classes. Some examples of VBS with Sp(2n) symmetry have been constructed before [46] , which have on-site adjoint irrep of dimension n(2n + 1) and virtual space as the fundamental irrep with dimension 2n. Here we study the computational properties of these states for MBQC. We obtain the following proposition. Proposition 6. For Sp(2n) AKLT state with on-site irrep n(2n + 1) and virtual irrep 2n for n = 2 m , the gates on the virtual space induced by on-site projective measurements form Sp(2n) with success probability p = (n + 1)/(2n + 1) and byproducts as (tensor products of) Pauli operators. Again, this claim is proved around the end of this section.
The byproduct operators in MBQC, which will be the generators of Sp(2n) [30] , are determined as follows. There exists a close relation between the generators of Sp(2n) and SU (n). The n(2n+1) generators of Sp(2n) can be expressed by the generators of SU (n) and SU (2). First, let E jk denote the square matrix with a 1 in the (j, k)-th entry and 0 elsewhere. The generalized Gell-Mann matrices for SU (n) are defined as
The generators of Sp(2n) are as follows
for Pauli matrices σ k = X, Y, Z. The group Sp(2n) has the same dimension with SO(2n+1), and Sp(4) ∼ = SO(5), while for n ≥ 3 they are not locally isomorphic.
A resource wire requires that the byproduct operators are unitary. We find there exists wire if n is a power of two, i.e., n = 2 m , m ∈ Z + . In this case, linear combination of operators X ij (also Y ij ) can transform them into tensor products of Pauli matrices. As each X ij (Y ij ) is symmetric (antisymmetric), a tensor product of Pauli matrices as well as linear combination of them will also be symmetric (antisymmetric). Operators Z j are diagonal but not unitary yet can be transformed to tensor products of 1 and Pauli Z since Z j are diagonal. So, to simplify notations, we will just assume the operators N in Eq. (84) are already in the form of tensor products of Pauli matrices.
Once we identify the wire, the next problem is to determine how to encode information in the virtual system and execute gates. When n = 2 m , the virtual space is for m + 1 qubits, yet not all gates in SU (2 m+1 ) can be realized, and the realizable gates form Sp(2 m+1 ), which contains unitary operators that preserve the symplectic form. An arbitrary gate on the virtual space takes the form
with N from Eq. (84). Given a gate V := e −iθ N on the virtual space, the corresponding operator U that determines the on-site measurement basis can be easily found by noting that, since the basis {N } forms a part of the basis of su(2 m+1 ), the operator U can be found to be a n(2n + 1) × n(2n + 1) matrix according to Eq. (53).
To find the success probability of gates, we employ the proof method of induction. As the operators X ij are symmetric, they only contain an even number of Pauli Y operators. Also each operator Y ij contains an odd number of Pauli Y operators. Given the sets {X ij } m , {Y ij } m , and {Z j } m for n = 2 m , the new sets for n = 2 m+1 are
Given this structure, it is straightforward to prove the following facts by induction: i) given an arbitrary operator in {X ij }, the number of operators in this set that commutes with it is n 2 /4, the number of operators in {Y ij } that commute with it is n 2 /4 − n/2, and the number of operators in {Z j } that commute with it is n/2 − 1; ii) given an arbitrary operator in {Y ij }, the number of operators in this set that commute with it is n 2 /4, the number of operators in {X ij } that commute with it is n 2 /4 − n/2, and the number of operators in {Z j } that commute with it is n/2 − 1; iii) given an arbitrary operator in {Z j }, the number of operators in both {X ij } and {Y ij } that commute with it is n 2 /4−n/2. The proof is only based on the commutation relations among these operators. As it is quite obvious, there is no need to present the details.
Based on the above results, we find the success probability is the same for each gate of the form V which is
Basically, a gate will succeed if the generator involved anticommutes with a byproduct, and we obtain identity otherwise. In addition, as the virtual space is m + 1 qubits, one may also consider single qubit gate separately and the coupling between them, the gate forms and success probability can also be obtained. Consider the projection on each virtual qubit. We find that the success probability on each of them is also p suc. . The proof is also by induction. Suppose that for n = 2 m , the number of projectors on any qubit from the set {X ij } (also {Y ij }) is n 2 /4 − n/2, and from the set {Z j , 1 n } is n, which of course holds for m = 1, and then based on the set structure (86) it is not difficult to find that for n = 2 m+1 , the number of projectors on any qubit from the set {X ij } (also {Y ij }) is n 2 − n, and from the set {Z j , 1 n } is 2n, which leads to success probability 2n+1 4n+1 . This proves our claim. Furthermore, with the same method we also find that qubit gates of the form e iθX or e iθZ on any qubit have the same success probability p suc. . The on-site bases to induce qubit gates will be simply defined by operators that are a tensor product of SO(3) rotations with identity, and a tensor product of Hadamard H gates with identity for projections.
Proof of Prop. 6. From the above analysis, the gates that can be performed form Sp(2 m+1 ) with gate form from Eq. (85), and the byproducts are tensor products of Pauli operators. The success probability for nontrivial gate or projection is from Eq. (87).
Furthermore, for the cases when n is not a power of two, we cannot show that the byproduct can be unitary so far. For instance, for n = 3 the Sp(6) AKLT state can be constructed with on-site irrep 21 and virtual irrep 6. The virtual space is six-dimensional, while the gates that can be induced by symmetry form the group Sp(6), which is smaller than SU (3). This means the virtual space cannot be encoded as a qutrit for universal qutrit gate computation. We note, however, more sophisticated study is required for the cases n = 2 m in general. Below are some examples to demonstrate our general results, and we find there could be alternative encodings for a certain specific case. Example 6. For n = 2, the state is the same as the SO (5) AKLT state for on-site 10 irrep since Sp(4) ∼ = SO(5). There are ten Kraus operators at each site {1X, 1Y, 1Z, ZX, ZY, ZZ, XX, XY, XZ, Y 1}, (88) which is equivalent to the set (79) by the unitary transform S ⊗ 1 with phase gate S.
Furthermore, we show that there is a rebit encoding of information in the virtual space. A unitary matrix U = V + iW ∈ SU (N ) with real part V and imaginary part W can be mapped to a matrix
which is both symplectic and orthogonal, i.e., S t U ∆S U = ∆ and S t U S U = 1, for the symplectic form ∆ defined in Eq. (80). The action of U on a state |ψ = |ψ R + i|ψ I can also be expressed by the actions on the real and imaginary parts separately |ψ R → V |ψ R − W |ψ I , |ψ I → V |ψ I + W |ψ R . (90) This has actually been proposed to be a universal model of quantum computation based on rebits [50] . Here for our case the virtual system can be treated as two rebits with state of the form |ψ R |ψ I , which is a two-rebit encoding of a qubit, and then any qubit gate U ∈ SU (2) can be performed in terms of its symplectic form S U (89). Given U ∈ SU (2) and its S U , the corresponding matrix for on-site measurement basis can be simply determined. Note the set of S U ∈ Sp(4, C) SO(4) ⊂ Sp(4) for qubit gate computation only forms a subset of the symmetry group Sp(4) ⊃ SU (2). Computational basis projection on the virtual space is performed by the same projection on both the real and imaginary parts, since a projection P is a real matrix and its rebit version is 1 2 ⊗ P . 
The virtual space is of dimension eight, hence can be viewed as three qubits. The unitary gates that can be performed form the group Sp(8), and the success probability for gate or projection is 5/9. For alternative encoding, we find that the rebit encoding and computation that applies for n = 2 does not generalize, namely in this case, Sp(8) does not contain SU (4), hence the virtual space cannot be used as a rebit encoding of two qubits. In addition, we also find that the virtual space can be used as three uncoupled qubits based on the chain relation
which means arbitrary qubit gate can be performed on each of them. The success probability for operations on each qubit can be obtained following our general method.
V. CONCLUSION
In this work, we explored the connection between measurement-based quantum computation and symmetry by studying two classes of resource states: qudit cluster states and AKLT-type states with unitary, orthogonal, or symplectic symmetry, for which their SPT orders follow from their symmetries. We find that for both qudit cluster states and AKLTtype states, the gates that can be performed in the correlation space follow from the corresponding symmetry group and the SPT index.
We have identified several cases that may not be suitable for MBQC, which, however, may turn out to be possible if additional manipulations are allowed. These are AKLT-type states with SU (N ) symmetry but the virtual space is not the fundamental irrep, states with SO(2 ) symmetry, and states with Sp(2n) symmetry but for n not a power of two. It is apparent that the reasons we have pointed out for each of them are different, but whether there is a unified viewpoint, like a group-theoretic proof in Ref. [45] , is an interesting open problem.
Our study of cluster states and AKLT-type states can be extended to higher-dimensional cases. The on-site physical irrep in AKLT-type states will be different from the onedimensional case, while the on-site physical dimension for cluster states can stay the same. Along this direction, examples of 2D SU (2) AKLT states [6, 8] have been shown to be universal, while it is left for further investigations for AKLT states with higher symmetries.
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